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AIGREGATION OF VARIAES 11 DY1TIA1CALV3TEi• 1

Dittoed mu caripts ame by definition prel .mry•. This one
is epecially so, and I am under rn illusions as to the rigorousness
of the proofs in Sections 4 and 5. On tVa other hand, the topic
dealt mith here has to & fAn-amentally uith appro•.i•÷-4ns, and I
have a notion that in, this Instance bhuristic in of more importance
than rigor. N reover, if anros wishes to mks matters more rigorms
the proofs provided here do, I believe, mark a clea rout*; and patience
and a liberal aprinklin of epsilons will fill in the details,

A t: I have had n=erous very enlightening discussions
vit All= 1 on the subject of this paper.

The need to deal with m&M problUs of ecoommic theory in terms

of ageregatos is obvious, The campete. %rasian system, and the rore

modern dy'tiic ambelliseunts of it are relatively barren of results for

mcroeconcsgcs and economic policy. Hence, by sheer necessity, we us.

highly aeg~ated systemn, often dithout having mnch more than the same

necessity as a 3usotifvation for their use, Perhaps the mst important

result to date in the attwpt to justify aution cnder eertain

circumtancea is the Lange-Hiklcs ondition, about which we shall say

more later,

The developwont of the Leontief input-output model., and the

concern wdith actua1, zwerical coofficients in rathor highly disalge-

gated versions of this model have renewed interest in aggregation.
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Tlie 2.

Ther. was at first, perbaps, the food hose tat odern OeMPUat

equipinnt imild handle mztrioee of any aim w might be i3j to

concern ourselves i•.th, and hewoe vould obviate tr) need for awrfta-

tion. By nw, it is clear that the siso o'L the Models te should like

to bandle bas outstripped the development of oo•p• ers.-eix .s likely

to oontinue to do so as lone as tho time required to irmrv . a matrix

increases %Ath the cube of the nmbnr of rows anCo olom2. A umber

of experlments have already boon wad. (e.g., I-Adtin and Mrgenstorn) to

deterzulme tther aegroegtion can be used to obtain approximte inwaese

mor. eoI - - 0ly

most dis,8son of abata have taken pbLe in the context

of a aldebmuio ind3. - The psbgm way be stated .in menl. tem as

fb3Man: Tb bmi two so"e (Mb inemeeeawl diubis) of 1 3 qasmx1

andC m--4nd a s7ftem of equations givifn the y' an fwatiom of the

ix a. We uish to ko under that alnastaiues them edste a functions,

X(9j..A~sof the 165 and another function, Y(AO a of th ea

muh that a relations Y -&§(), betusem T and X cam be deduced. frm the

given system of .quatdons relatingC the x's and y's. Samtios additionial

@om~itiaui era Uzaosed s'.g.s the fumt*nns Y and X a"e siven, or it Is

required that the relation *posessw certain properties, (For a a~pro-

hensive treatimentse msih~l)o

The. conditions that =wat be satisfied in order for arxwqation to

be strictly possible a"e very sea~. . Uhether these conditions are

eaUsatio-fied in arq practical situation is,, of oo e. not an

Importanat question, 14 vuld be perfectly satisfied idth aegregativo

zodele that gave us only approximate results-wi have no Milluuoa
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after all,, that aM mod4 -. Aagiit iploy is more than an approxImateo

deilcription of roalityo Our objective in exporing the aegregalc-ion

prjblem should be to sook rules and criterla-wct or hezliotio-thatI idtl 4ve us clue.- as to iffiat variables to aggregate,, azid~. indicate
to us under what olcwntanes aggre••ion is likely to yield aat1 sfactory

• aprml tions oThe tAe-Hicks condition is a criterion of this kind, It states

thit if tu or mora variables almys move together, then they my be

-.glregated into a single variable, utich uIn be an appropritely weighed

avertge of the oritginal variables. This is a useful criterion, since it

tel.1b us that Lv my aggregate classes of comoditios that are perfect

mtsbt~tutes--or that are 0a0t~l so.

At another lovel, the X 4 Ukis condition is atisfactow7,

for it requies that us know as a datun which varables now together.

In actual fact, it may7 be part of our probluu to discover this. We my

be confronted uith a dynaical systAn involving a large ninber of varia-

blesa and nmy hmve to infer from the equation* of the iristem ihich varia-

bles will move together-or will behave nearly enough in this ammer to

-wiarznt aggregation. This is the essential problem m shall set our-
selves here: la o ,tionr tht. i ai e by theeqtioi,

of a (linear) a~aiia Ifst21 S gU 1zmi awodm t h ~eao ofM

• }Note that tm .dU be interested In sufficieut, rather than

necessary, conditions. Hence, us my also view our task as that of

diecoveriM one or more Cla3ses of dynamoal systems that perzit aggrega-

tion of their variables,
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2o Properties of "NUoarlyDegoiosable" Matrices

For purposes of exosition, it will be conveniant to Ur•it our-

selves, for the mst part, to stochastic natrices-that is, mm matrices

all of ibose elemnt are non-msative and with the om of the 93

in each row equal to 1: pj>_o (J,j - 1,= .,In), and 9 p 1 Q 1#...,n)

The ei.eults mapy reail be generalized (Robert Solong, "On the Structure of

Linear I kdels,," Ecomnoitrica, January, 1952, pp. 4•23), but the restriction

Ul perhaps make the intuitive basis of the anelysis clearer than muld a

more general treatment. I'th this Interpretation, the index i runs over

the q possible states of the system, pi(t) represents the probability

that the system is in the ith state at time t, and p. represents the

I oIa1t4 nM s pVbab&Uty that the systeno If in state L at tlA= t, Ul be

In state j at time (tVl).

Uow suppose that by an approwmte permtation of row and eorres-

pond•1 , col~ms the stochastic Matrix P j,-' can be arranged at fol-

lows:

0P1

mhowe the P1 axe sx subeatrioes and the r elemnts, not

displayeds, are all soro. Then the ratrix is d e able°

Suppose further that none of the subutrices, P are theselves

decooposable°

Let the system, at tine t 0o, be in the state who 1ir is one



Page 5o

of the states belonglxC to the submatrix Pg. Then it is obvio.us

that at all subscquent timos the t-yetem iljl coitinue to be in ''no of

the statee belonging to Po--that the probability of transition to eny

state outside this subset is zero. Further, if the initial positior, of

the system is given by a probaility distribution over the states beloging

to Pg, all other states having sero puroability, then the limiting distý.,

bution of the system, after the passage of an indefinite period of time,

will be indepeMdent of this initial distribution, If, on the other hand,

the initial distribution assigns non-sero probabtlities to states belonging

to more than one of the indooomposable sutmatrioes, PI, then the limiting

distribution will nwt be independent of the initial distribution.

JIA the ItItal distributio be pi(O), and define

(2.2) Px(O)r noP(0); Pw1  P

then the final distribution Ui bet

(2•.3) i . (o).;/,

*ore the (but not the ;'e) areidepadt of the initial distribution.

The P111 are the characteristic vectors of the ilaatrizx PI corresponding

to the laest characteristic root, A1 1 Further,, the distribution of

(2,3) is an oqzfl'brI.im distribution in that, if this distribution is

once attained by the system, it will not change over time.

ow, suppose the stochastic matrix to be sli&hly altered so that

there is aew at least one path ,dth no-sero probablity leading, In

not more than . steps, from any one state of the system to any other

state, That is to say, im suppose certain of the zero elements in PI
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that lie outside the aumtrioes, Pt to be replaced by ve7 ryniLl

non-em eleatse and certain lsmults Inside the 1N to be corree.

poaffizzl' reduced so as to preserve the mow= eoon1tion. lie vill

refer to the wdSifie.d matrix, Ps obtained froam PI In this fauldoa, as

a "•MarlydcoIposablIe" matrix The -ter "ir21y-4eoaoo&ab3 l.6 li

the tero "Wery al non-uMes elmments, is not, of oouroe preoio. I*

ii. be . ontent to leave the criterion of uuflmes unfind. The s3malle

these slowents are, the cosoer to the moat solution idi.1 be the apmi

nation to be disussed. heres but shall not attiti to evaluat.e eIpdloitly

the goodness of the apoirton

Coqnrlag the origi•al deonu;aomhe mtriz, PI, and the zodsfteds

Snx7-eoeaimesh mtrlxp Ps we readu reach the fo3..oin cou-

ela.wdi, sMc. deblo on the fate that the chereatewistie roaot of a

=*Az are oontaiua funtions of the mstrIx elinmtas

., Unity will be the lurest dw .oteristio root of both I" and

P. It will be a root of mlttIplicity N of PI (since eah o-q&_ab_-

sultrix of I" vill have unity as a siqadl root); but a sipi root of P.

2. The mwa1.x PI~ mill have (*41) roots that are less thani I I

absolute value; the matrix P %411 have a set of (n4N) moots In aw.-om

oorres momls to these-te dilffrerene betw oorrs noi roots

of Pt and P beiM a oontiumm fawton of the differences bettw the

to coefcies of the matricss.

3. The matrix P vill have (N4.) roots very c elo to u=ity. Mb

will. supyos the difference between PI and P to be sufcu Inl. l m
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that the difference betwab.u uuity ai the .amagl. of these roots ? U

Svery mach saller (eag., of the or•.etr of one percdta,) than the diffoim-nce

between unity and the lariest of the reoaining roots of P,

This isamo•rphis betw.on the characteristic roots of PI and the

roots of P alloxs us to make a qualitative analysis of the structure

of the latter system, The root.s of P belong to three classos:

(1) the simple root at unity; (2) the (1..1) nint largeat roots (mr-

r responding to the reaining roots of Pi at unity); and (3) the (n.-N)

Samaller roots. The latter roots can, in turn, be partitioned into sub-

S3sts correspontding to the sutctrices of P',

W1e see that the roots of claso (3) are involved in the process

mheresl equilibrium, is reached in the distribution xithin each of the

indeooqpoul. subsets of txtes of the syst,. The raots of cass (2)

are involved ii -%he process or attaining eq, ilibrim among subsets. The

largest root is associated irith the steadystate distribution of the

entire systeao

The smaller a characteristic root, the more quickly is the

transient damped ir.th •uich this root is associated. We have assuwed

the difference bet.mon Pf and P to be so small that the roots of class (3)

i411 be smller than the rooMe of class (2). Bowe,, equi34briuma ithin
thýýRru nvsuibsets. In first a rx~ain emy view

proceeding in tuo sucoeselve steps:

(1) w• rvCach ths o 4q•brim represented by (.o,) corresponding

to the equilibrimu of the comizpletely decomposable sysiem for the sawe
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initial dirbution

(2) maintainIn this eqyilibrtua within oach vOvbvt at n.11

times, we attain, through a slou chan•e in the t, the general equi3d.

brium of the eonm systaeo

Notice that in the seconl stage of this process, all the

wIthIn ax' single subset vary proportionate3%-hence satisfy the Hickv-

Tance condition for aggregation. That is, the long-range dynamic behavior

of the system depeds only on the p,. As for the short-range dynudc

behaviOr of the sysate, we ma regard it as composed of N inlependena

indecomsable parts-crrespondin to the sibmatrices Pi-.ew myF

801Ve each of these subsystems independent•y of the others.

the pro~se of decomosition Just described, wie have replaced a dyna•ical

process represented by a _q% mtrix with a superposition of dynical

pr'ocesses represented by N~ matrices of size "Ok *.. a* rseivelr,

and one additiomn mnt,-., of S•ize w Later. We 6U sho thatthA.

d Wgujoation DermtR w to relu~cs the tanlc of IMMEr6ina the Mtriz PJk th the ch less lab_,,ous t,, of. er.•nl. t matri.ces of the

3o A_ _n fstration

Before we proceed with a more careful statemont of the mathe-

matics that undlerlies our 1ym/ a it rza, be useSt! to provide an

mmple of a physical system that can be, approximately, decomposed

in the =anner Just escribed, The illustration iXll be useful, also,

in showive that our conclusions do not depemn on the stoohastic proper-

ties of the matrix ws have discussed thus far. We shall see that the
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pnriclple of aagz;-ation %o tm 'pJ om•4n•n ± et3 O t•flly that which
justiN.(.es tho replacrxior• o'k uint r-i-.•i'les by !rau-ruvariables in

clausioal thoizodyhnmlces,

SLet vw oonsicdr an imagimay building, :hocp ou~tWsde ,mll pro-

vide perfeat thermal insulation from the oindiroinnt. The building ia

divided into a large mziber of rooms, the ualls between them being good.,

IPt nat paeect., insu.l.tore, roh roon is c(I1vided into a nwibor of offices

by partitions. The partitions are only poor insulators. A ther•iweter

has in each of the offices.

Let ud suppose that at time to the various offloes i4thin the

X~ding are in a state of therma disoquilibriim-there is a i-de

Vipation in terttu from W eog to office and froa ram to rocm.

If w taks new "etunre sadings at tis t 1 , ewOs horn an" ter at

%haat ilu.s w find? At tv there will be very little variation in temu

perature ax~ng tho offices that r.r, in oach siwajs roamt but there may

still be large tempeatur variations between rows. If wm take readings

a&%in at timo t2- several days after t•, ue may fiind that there is an

almost unifom tamporature tbroAgkmut the building, the temperatmv

differences between rooms having Tirtv, y di•sappeared.

The uell-kmim oquaptions for the diffusion of hoat allow us to

represezu this situation by a system of differential equations-or

appro-dxtel3y 1 a systm of differenca equations.

Let t t.(t) be the topecture of the SIth office which is in the

3th I"=n, at timo t,~ Lot T(t) be the vector cons-isting of these to~ewa-

tume as components 75(t) - ppT psavT 7V ppeoTln
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Then i•. idUil hawvt

(3.1)T (t+1) - 0 ( \

where A 13 a matrix whose ooofVicienf.s, au* repwescut tho rteo of

hoat transfor between office i amnd offie j per degree difference in

temNrature.

Use ush nou to represent the fact that a temperature equilibri-m

A each roon is reached rathr rapidly, i-*A3. a tem prature owilibrium

itM rooms is roached only sloly. This t .II be the caso VP the a

are Generally lare Ame i and j are offices in the same room,, and if

the aij are close to zero oian i and J are offices In different room-

that is to coy, if the matrix A is naerlv decomposable.

Ibm this is the case, and as Ionu &s i. are not interested in

the hSIh frequawy fnta Isu n tqutre81 Offme" In the

samew re, we can learn all we ant to la= about the dynomdcs of this

system by plating a single thormumtor in each roozm-5.t is viymessarr

to place a ther=l ator in each office.

4o Thw Patbs of 112ga-Dew3cipmnpsble Sywtaew

a wi.1 return nou to the speoinl case of stoobastie system

amd e*=mizn the dywiceal process in more detall. The system is given by:

(41)p (t~i) a-Z Pp on)p

If we solvw thic system of difforence equations to obtain the

Spe as ecflit fuctions of tiue, we set:

(.4.2) PJ(t a .4(-,..n



Bat we " also theli

(493) pi p (0t Jui..n

Now it is possibl. (ypovidod that an tho Otsatoi DUloG#

aro disteit) to ropireent the rgI*-hvxl size of (4.3) as a am tkat

is equa3 tam by tami to the r1Qeht'hand side of (4.2). (ame IaUmns,

pp. 25-6) To do this we proceed as fflous:

on amw m mtiz, A , with a distimt ohArsetIss rootP wO
01)

am nud a net of a Ae~tm mt Is. CL f3,..) with the

Vgawlagi Propertue

C (, ) ,(5) o, f

amt(ii). *.G t o A-•tl

(ii,), (tt'). i. 3 _ tb. ,i~m~~m4.z.114
Ue~al td•x~pset~~lmwhe Iu i p~s 8 tp detty In z It KimuoNoonWl4. the mtrin At. TakIng thO tthb PW~i Of UTv)

aW using (1) Wi (ii) # we find. fbr At ( I.a,1I
(() (W)

rpresecttims, we mY SZP?.5 P Pt t t

where. the irv4) awe mtvioes satIsfYing (W), (ii) and (Iii) abova,

substituting (4.4) in (4.3) and comaring the resulting ezpressin with

(4.2) we put:

(405) a P()t

Ele i-i '
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Supp~ose nw that P f3½4i lis nearly decomposable, and leJt PI

be the oorresponding deocoposable nmtrix obtained from P by an appro-

priate limiting prooess. By ewmination of the limiting process ir

can again divide the roots of P into three sets: (1) X17 13 (2) o

(correspondring to thb remaining roots of unity in P'); (3) A÷lPoCo'no

0onsider one of the indeconposable subtatricos, P,, of P and

designate its rootoi by "2' Ole 10,19 a* 0 P Ak.X a ctl e~ey the sam m~y as

In (4.4) in wir have:

IUt oonsider the V mtrioes that are formed from the above

mtrices by borderirg thamwith an appropriate nmr of rows and

od m bauine a•l elaot e. am wU6 l desigmte these bordma e

mtrices with the same symbols as are employed for the eorresponding

njx zi, matrices in (4,6). It ul be clear fzro tho contze in each

instance which aet of matrioes Is intended.

llow, we nay twrite:

(4.7) PI P * 0 0 0 4m! T(I ,'CPA II
and silarly for the tth Powe oa Pf,

Novo for pt. wil have the corresponding representation:
S(4o9) Pt " w(l) "" ME• ",P L, rt)

We observe that the last smumtion in (4.9) will be as nearly

equal as we please, tern by ter, to the corresponding amation In



Page 13.

(4~8) -Provided only Lhat ice take Y~ sufficientl.y close to P',

We will have also the approximate eqxxality-z

N 0

But in (4.1O) the correspondence cannot be term-b-terms for

each colur of a(l) has as eleaentu the R, while each oolv= of nR()

has as elemnts the i/TI/ If i and il both belong to the subset le

then for moderate or large tu we havV e

(411)j 1 ii,/I

If i belongs to I and j to J, J : I, then we will have

approximtel,

(4-12)

(4•31) ,(t) '":

p~t) M )

wbare " pp/j it j PoI )l

Euation (4-12) &aws the p1 ' 3 , to be WY mall when V und

3' beljong to differert sbsets. In that casep a transition from state

I to state j In t periods ma be assmed to iUwlve a single transition

from orne abeet to anther - paths Involving several suh transitions

B/ It "moderate or large ti we mean t sufficiently large that X - 0

for - !.o,..,nX 0 0 for f-l,...,lN
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having a vanishingly =all probability., Here, on the right-hand

side of (4.12), we have rotained only the terms involving Pili'

isined to the first poer. 3•xilarly, for reaeombly large t, the

terms in whichais very msrU or very close to (t-1) tOM be neag _ble

oompared i.th the sum of terms in uticha is of the order of t/2. But

for all the latter terms, (4.11) wi1 hold, thus justifing the step

leadine to (4.13).

1?cm (4,23) we see that (t doepazis oWly on J,, I., and1 .1 arA is

ind ad.-it, of 1. DAt for moderate or Inns t we also have, from ( )

(4.14) JA-j1 ijjI

A frca (4-.3) A (4-9)

(14013) PI - 11W a J.T PL" -_ e '$ij 6

1kt for (4-hi4) and (4.15) to hwo4 identloaly In t, wenst

"vi cL . j 6I (--2.....I)

1"l have now reaclhd the iortaznt result that fbr oarh of the

first N idampotent ritricesu ,p) el3 ents wthin a Si.vwn blo. (e.g.

the bloo of r'ow itl and calme Vf ) wMl v"a7 only idlth am UM s

othm•oee be fuwtions only of I and J. This permits us, for pwposo

of inve-rau , to replaoe these mtrioes with agamptiw matrioq. baving
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a snile rou and columr, Cor each subset 1. The method of do&.g this

ifl be described in the n•t section,

FzM~ (4.4), we see tlmt if im can express a matrix as a pun

of idemipoton corponsnts, wm can readily invert it. For., if we talm

t lv we obtvtrx 5lmediat.17s

(5°1) p 4  (-0) e

That is, to fin" P 9 we it.ply each Idempotet matrix by the

reoiprocal of the oerreupondlug characteristic rooto aM a over all

mach matrices. Ord0•marily this does not provid.e us with a useful

eatU am procedwep for the mtricsee w () ame difficult to

eaqUte. In the present ease, howwevs, we sal ee that (5.1) leads us

to a very conyenent nathod of inmersion that does not reueire, aweoV1r,

tho .wipioit oopuatation of the .Te)°

Using (47) and (4-9), we hare inasdiat1  y:

(5.2) PrII((1 qP DTA 41foIITPr r

The last two teza of (5.2) are founl b7 Inverting the P

and ooqutln the chuz'acteristi vectors [4 3) associated with the

roots at umAtyo It rmains to fiM the tern In square bracets.

Shppose we o e my t atrixg Aj :J rsch that

/ (5.3) aýL a £,i/i fj ( W e iffl~)
Then it follows that:
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(5-4) &(t) - a j,.t) (frw MaU.

We pro"w ti's by inchaetiont

(5.5) xj) •, a a'/,' a", a,/ a

S• t~otl• I• t~o 4 (. 5 2):

Sj"'u) " "( "if 4 "'
S- p(- £jj •()

i ailnrIh1. is ai al we have I

Iparticaz Uon films that.. Now Is)t A

be equal to the m -In brackets In (5.2):1

(5,?) '0 N L I

ThQD* froM (149U), (4,13)p uvl (4,66) 1 we ka that A satisfies

(5.4) heme that:

(5.8) NJ4 aPj/j pip

*oire as in (4m1)

(5,9) P EE

We now have a practical proced're for Investing tie war~y-

.ecaqosablRa mtr~x, P.,

(1) We find the Inv~ressof th P',

(2) We oaqmite tbe ;,/ sAd form the aggregatIve xatrix p

with elemments given bW (5.9)

(3) We invert P.., and find &(-') tfrm (5*.8).

(4) We um obtain P diztly fom. (5.2)
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6, A

The proposed procedure for matrIx inversion can be illuotrated

ty a simple example. Conalder the nearly-decomposable matrix:

:9700 •0295 0005 0

(6.1) P0"0 '9Woo 0

0 0 .9600 o0400

0002 .0002 .0396 .9600

We take as P' 7
S.9"t00 o03OO 0 0

(6.2) P; .0200 °9800 0 0 . 0

0 0 .9600 60 i 0 ]p
0 0 .0400 .o*0

1.3X -. 031579 -6
(6.,3) , a/i

-.- 021053 1o021053

O1.043478 -. 043478
-043478 1"0437 P/ .5

We am ooqbet pjj and Its Imurset

(6o4) P . -,9 .0

.o0002 .99o

(6-5) II I~ 1X0 00021 -.
11.0002 L=002
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and, from (5-8):

(6.6) 4 j")j , 00oooe Aom0012 -,.Ooo0 -.oool

4.0008 060012 -. 0001 -o0001

-. 00008 -. 00012 ,5003. .5001

-. 00008 -. 00012 .5001 ,5w01l

Frm (6.3) and (6.6),g using (5.2)1, 120 nbtain rI

.01659 -. 031459 -. 0001 -. oo00

-.. 2D973 1.023o173 -. 0oo -. 0001(6.7) p' -i
.00008 -.00012 1.043578 -. 04357

1.00008 ".00012 -.403378' 1.043578

a- sa nmerical omqple Provides UO Idth an 1nu1ebt Into the

dym~~ail w'oom as awez~'ssed In (4~.9). vim (6.1), we oce j4
(68)pi.319008 TIM03 .016633. .0142tA

(68) • - �392503 .586246 .Ml=31 .00919

.00965 .0o" ,859 .496

.o03•3 .015999 .45W AV.809

(6.9)i( )2 .P)09 Z .2*56 2 .2026 MW82

P.200782 .290661 .250279 .250275

The c•',terisuto roots of P a" .-1, .99969 .95. 92.
Ho xz =19'959 .00U. 0*, .x 00010) 00, .0o4, 1,,04%

pU ~()4I 2 (j).f!)
Istra:X
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7. S•o. CncMn Coiunta

In the precoding sCt~ions, wem have annlyzed the CtI:qwture' of

stable dynardcal systems ropresentcd by nearly-dscv~npornablo matrioes.

We have seon that such systems rxy be viewed as eomposite syobems,

oonstructed by the superposition of: (1) a numbor of highl•y damped

tems, describin the dynaics of separate subsystems within the total

ystem; and (2) the romaindmg toes, less rapidily daqed, de~sobr M

the dycwacs of the interoormectionx awag seubystems.

If such a system starts from a position of disoqeUijxiu, the

lz'cas of reaching oquilibrim may be divided into two phases,

correspond'I- to the decomposition of the dynmmical system t'at has

jest burn lnMMWta. In the first r*.m, each of the wd~tsw reaches

(or acme ry close to) a sbortarun Iqidib ; in the second phase,

the ontire aystam nows towwid eqiiwieach of the uiabestem

imining vory elose to its short-rwun equ1ibrimu throvghut the proess.

Henco, In the second phase, the set, of variables in each subsystem

satisfies (approximtely) the Lanee-Maoks condition and can terefore

be aggregated into a sairee vari-able.

Hence, the eyatw variables in the case Just described csa be

rept sentod as a tuo level hierarchy, with the aggreiative variable

at the dZher level. flow, thare is no reason %A• we need to restrict

ourselves to a tW,-level hierarohy. For in such a hierarohy, each of

the aubsystam variables at the louer level might be an aggreate of

variables at a sill lwe level of aggreaation. The matri: of a
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In this ma•rn Ix th he eleierts o:' the subLm.trices designated as

Q-'s tjuld be of the first order of' =rnmaelese, and, the elements of the

B's and ST's of the second order of Emaliness. At tho first level of

aragation, there vill bo fo' e.•.,jogative variables •or•.spod1gi to

the four submatrices anorZ thoe diavonl.l, respectively. At the second

Iowa of SawUinm. atow UM be tw epqtw ria~ibleag cqrawe-

por-l4.e to the blocs i3niatod lxj "brok.n U ,.

To invert. a matrix J:1ce Che on depicted abe 9,s iw•.uld first

im-c:t, the w.tricos 'Pl then the tuo awrest~ve matrices derived from

:1 11 u4 P41
andfim3,ythesecond leve]. Egeat.ve matrx

In ordinau metbods of mnrix iimeralo, the ramber of miltipiow-.

tions inr ses a the cbs of the soiz of thb -. ,rj.. In the rst

favorable case of a tie-level biheverabr usi the methods described

h3re, us id31 need to irvoK ratrn itcoa L about else fland there -Ani

be about ea sewh mtriceso Hance, "he mnumber of maltipiAeo •ri.

go up appro;z mtel. as the squaro o. thi sise of the mrix. But if a,

the sizo of the 3argset uatrx to oe inverted at wW level of aggvegatioa,

iaL.z constant as nr •iciarso, theli the nmwber of matriocs to be inverted
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'WM1 increase proportionatel~y iit~h up, th~iir a±a wM4f not imroasse,

&W the total amber of iwLtipi~aations All.] increase only~ propor-

tiouast94. i4th n.

It my be objected that decomposable matrices are rare objecU.,

mthatia3.,yspeakims, andI nar2,yadeconposab3.e matrices almost as uioh

so. For if the elemnerts of a matrix are s elected lIn az ordinary tay b7

a renism pavces". the probabilty that the matrIx xUfi be deo e~able

Ios ev. That theme Is every reason to believe that neaz-decompmab3±ty

Is a ves7 ocan chommeteaistic, of dywamical "ystow that suist In the

rwal vorld.d Iwantansm# or neary Szwtentswaouss action at a d~staao

In rare, and shezp boundaries around subeyotoa relativ~y o. We

hew lees assurane that this bold. for' social ribucmm thian that It

ho3Ae ftr mob *msl yb ý but the ft ew - o ms~w ot ftnw3?-

dIao=Ml MAWhs in iqmt.-oMdAtpz amays's avUI. Val fb: this SUMMs3

approawb to &g'S4atIsC.*G

The wotom tbat mest dymmlce3. qut us that are -watred I
SWrIMa~ conoist of bierarc1~if of sabenotme the Mime~s witbin

the subqstuan at each level beinG st~rongsCwa Usn Ui.lnkag between 3uA1)

Syrst4 - is attractive .0rox another staaxlpoSAt. The pzobs34lty that

a matrix with Qmaenet aeloelod oIrepanontly and at rando from a rec-

tsx~jalo. distribvtio iuIl bave stable toot. bees. o a= IaWLS g3 in13

as the aim of the mtrtc Increaszos (Ash1t). If,, bowever, the nntrlx

elaw~nts are oslocted in~ such a vma' that = atrices am "eal

GlagIOmi xtabilitlr bocomos an .q'lioable biisn It is probab2lr

no aoaldent that most, coc~ox rtcw~ure n aomts'r are bierarabial-

or ea, least bave levelin,

I should LtkUe to cuJ.all '~i to a umdve2' of discussions in

-the oeoradc~ litoaturn- rvpn uf tho3 notion of -al.empwbe
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roferanees U far from oomplate, aiiioe I did'nwt or1.inaXly apprvu~u

this problam from the staznIpoLAi of agierogation, &adK beca avlawe of

tbhe r2tioll betuewi the 1uo problwz amly at a reoativeO late stage

1. 1 bave aLready pointed out that the arguaiV her'e my be

resirded as a etutEarýt of tl'c tones ldr %hich the uIa~e-Uics

candi.tion wilfl be sstisfi~cC~ I-W ý ,c n zkwi~ly be soon f -cm our abzltyuis

that if the rmvwarv~ytw.:% 5tbl t -

of the agg~oaated vyuteoi, s:.-nu- ',*,c rhzra t,&iurati rooto of the aggrogs-.

tdv. meArIx am' also -.oot~q o., t-*4; i matilz. I hav founi that

tb~s stability tboorem hael laen ,yx-:d earlier in "Lwti Yo1wyua,,

"- mb= ofa C nsthe tcrvme!I-,' as-Vm z* s 1afSI 2

dwivw the staIb.1ty theoru! fro t~a asowaptUos

2. 1 bmv mw beun satierlad tbat Gooddan's uJustjlastion

of parial d~yr.cs exuh two ca bytwza are 4ilaterally --qad bo1ds

vpif the ooupLUin s onl2y fliarlywuniate.mLw OD the bwds of th

preew mamyies, I imuld suDCst that the S3avtLfliatUasfor Pawh4a

'mqu~lbwims armalysis por u-tJA c4ysaao. sIoA westm U ptvpert*.

of "nowi'4eawpo b& 9~"

3. Tle -,qp riainst. bly 'braseatam arnd *.tftnu %Mhape

in ftimmtinig alnets of the ine *ae of Leoutj# matrces (reported

In 141. Pwe ts have ylsIue4 remsUrt

(oowlaitRwt willthet~ tbhf,~-A c!,

4., S=08- Poll~tv 0" " eaS tIw&U Of U~~~S s'

zcS.ol i-tr ASitiaticm in ol --c , .i;vj 1dxss of prlywiplee thats at
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firwt blugk, appear Mthew antithetical t~o eaon Ort-W. onu th4or

hbWu (the Lang*WMcks oondition), w can aagrate the prts of a

mabqerteu IdMe these are much more c3aselr U*.d with e~ah other thuan

thb4 a" %dth the rest of tho system. On the other hand, we can

&g&7*to a set of variables if each of tbom is lintrd rith the rqgjqur

of the system In 3jut the om ay as ar the others. Our anelypig of

M~is4eoposabdlity shous that the fomor condition is reall a saiau

esse of the latter, Flor if i and j an' vwrablee belos~ing to dftmoenwt

mbdete of a n -arlzyweaupoeable systeu, then y Ii 1617 mii1, but

# fobr Otfezontly Iarn t is almost lidespendxt of 1. That is to

WW& the 2lka& between i and 3 is noZ-ligib•I In the "Arit m• and

mtictS the seoond swonitiou in the middle run for Adih it is not

the method proposed t• Gebriel Kron In a nwber of his rs pbl -

timo. Sinc neither I mor the persna if haew mntioued this poseiu bty

eam uxwstd ul-n' a papesrs I am uable to asoarbaln ubts ti. In

the sue. In aw evea,, he does not appuar to make eqpqlUot me of the

Characteristio roots or the Idenotent componntts upon %bigU the od

deelopod here dopend nor dor he givo a indicaton of thw 0ooVartle

und.er mhlh aggrotion v be eas ,acted to r.ve a sut nde.eAWP, 02

c mtlon to tVi inmrse.


